Introduction {#Sec1}
============

Uncertainty quantification (UQ) in physical models governed by systems of partial differential equations is important to build confidence in the resulting predictions. A common approach is to represent the sources of uncertainty as stochastic variables; in this context the solution to the original differential equations becomes random. Stochastic Galerkin schemes (SGS) are used to approximate the solution to parametrized differential equations. In particular, they utilize a functional basis on the parameter to express the solution and then derive and solve a *deterministic* system of PDEs with standard numerical techniques \[[@CR2]\]. A Galerkin method projects the randomness in a solution onto a finite-dimensional basis, making deterministic computations possible. SGS are part of a broader class known as *spectral methods*.

The most common UQ strategies involve Monte Carlo (MC) algorithms, which suffer from a slow convergence rate proportional to the inverse square root of the number of samples \[[@CR5]\]. If each sample evaluation is expensive --- as is often the case for the solution of a PDE---this slow convergence can make obtaining tens of thousands of samples computationally infeasible. Initial spectral method applications to UQ problems showed orders-of-magnitude reductions in the cost needed to estimate statistics with comparable accuracy \[[@CR3]\].

In the present approach for SGS, the unknown quantities are expressed as an infinite series of orthogonal polynomials in the space of the random input variable. This representation has its roots in the work of Wiener \[[@CR7]\], who expressed a Gaussian process as an infinite series of Hermite polynomials. Ghanem and Spanos \[[@CR4]\] truncated Wiener's representation and used the resulting finite series as a key ingredient in a stochastic finite element method. SGS based on polynomial expansions are often referred to as *polynomial chaos* approaches.
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We consider a polynomial chaos expansion (PCE) and *separate* the deterministic and random components of *u* by writing$$\documentclass[12pt]{minimal}
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By the Cameron-Martin theorem \[[@CR1]\], the PCE of this random quantity converges in mean square,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{k=0}^M u_k(x,t) \Psi _k(\xi ) \underset{\mathcal {L}^2}{\overset{M \rightarrow \infty }{\xrightarrow {}}} u(x,t;\xi ). \end{aligned}$$\end{document}$$This justifies the PCE and its truncation to a finite number of terms for the sake of computation. Substituting the truncation into Eq. ([1](#Equ1){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathcal {F} \left( \sum _{k=0}^M u_k(x,t) \Psi _k(\xi ) ,x,t \right) = 0. \end{aligned}$$\end{document}$$Furthermore, we can determine the initial conditions for the deterministic component functions. Multiplying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u(x,0;\xi )$$\end{document}$ by any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _k$$\end{document}$ and integrating with respect to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$-measure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\xi $$\end{document}$ yields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{i=0}^\infty u_i(x,0) \int \Psi _i(\xi ) \Psi _k(\xi ) \, d\xi&= \int f(x,\xi ) \Psi _k(\xi ) \, d\xi \ = \mathbb {E}_\xi [f(x,\xi ) \Psi _k(\xi )] \\ u_k(x,0)&=\frac{1}{c_k} \mathbb {E}_\xi [f(x,\xi ) \Psi _k(\xi )]. \end{aligned}$$\end{document}$$The scalars $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_k$$\end{document}$ of course are dependent on the choice of polynomial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi _k.$$\end{document}$ Similarly, we can "integrate away" the randomness in Eq. ([2](#Equ2){ref-type=""}) by projecting onto each basis polynomial. This is discussed in detail in the next section.

Inviscid Burgers' Equation {#Sec2}
==========================

Our choice of orthogonal polynomials $\documentclass[12pt]{minimal}
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-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {u} = (u_0, \ldots , u_M)^T$$\end{document}$ be the vector of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M + 1$$\end{document}$ functions, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {v} = (u_0, \ldots , u_{M-1})^T,$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w = u_M.$$\end{document}$ Adopting the shorthand $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(u_j)_x := \frac{\partial u_j}{\partial x}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathbf {u})_x := \frac{\partial \mathbf {u}}{\partial x}$$\end{document}$, we can rewrite Eq. ([4](#Equ4){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial u_k}{\partial t} + \frac{1}{k!} \mathbf {u}^T \mathbf {\Psi }_k^{(M)} (\mathbf {u})_x = 0 \quad \text { for every } k \in \{0, \ldots , M \} \end{aligned}$$\end{document}$$and when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k < M$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial u_k}{\partial t} + \frac{1}{k!} \mathbf {v}^T \mathbf {\Psi }_k^{(M-1)} (\mathbf {v})_x + \frac{1}{k!} (L_M )_{k \bullet } \frac{\partial }{\partial x} \left[ w \left( \begin{array}{c} \mathbf {v} \\ \hline \frac{1}{2} w \end{array} \right) \right] = 0 \end{aligned}$$\end{document}$$recalling that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(L_M )_{k \bullet }$$\end{document}$ is the *k*th row of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_M.$$\end{document}$

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_M$$\end{document}$ be the diagonal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \times M$$\end{document}$ matrix such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_{k k} = \frac{1}{k!}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{L}_M$$\end{document}$ be the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \times (M+1)$$\end{document}$ matrix comprised of the first *M* rows of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_M.$$\end{document}$ Then let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {\Psi }^{(M-1)}$$\end{document}$ denote the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^2 \times M$$\end{document}$ matrix$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf {\Psi }^{(M-1)} := \left[ \begin{array}{c} \mathbf {\Psi }_0^{(M-1)} \\ \hline \vdots \\ \hline \mathbf {\Psi }_{M-1}^{(M-1)} \end{array} \right] . \end{aligned}$$\end{document}$$Then ([7](#Equ7){ref-type=""}) can be expressed in aggregate (i.e. for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k < M$$\end{document}$) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\partial \mathbf {v}}{\partial t} + (D_M \otimes \mathbf {v}^T) \mathbf {\Psi }^{(M-1)} (\mathbf {v})_x + D_M \widetilde{L}_M \frac{\partial }{\partial x} \left[ w \left( \begin{array}{c} \mathbf {v} \\ \hline \frac{1}{2} (w) \end{array} \right) \right] = \mathbf {0} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\otimes $$\end{document}$ is the Kronecker product.

Proof {#FPar2}
-----

See Appendix.
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Bluff-and-Fix (BNF) Algorithm {#Sec3}
=============================
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We opt for the *relative* version when constructing our algorithm, since its numeric results are overwhelmingly promising (as discussed in Sect. [4](#Sec6){ref-type="sec"}) and its implementation avoids an additional row sorting step; however, this is a potential area for future investigation. Since we require $\documentclass[12pt]{minimal}
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Iterative Bluff-and-Fix {#Sec5}
-----------------------
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An algorithm to use the solution to an $\documentclass[12pt]{minimal}
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Numerical Results {#Sec6}
=================
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Results for One Step Version {#Sec7}
----------------------------
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The results are shown in Table [1](#Tab1){ref-type="table"}.
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We see from Table [2](#Tab2){ref-type="table"} that one step bluff-and-fix is often spot-on for guessing which approximations $\documentclass[12pt]{minimal}
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Results for Iterative Version {#Sec8}
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Now we present results for Algorithm 2 when using the baseline solution $\documentclass[12pt]{minimal}
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Furthermore, iterative bluff-and-fix has the advantage of producing approximate solutions to all of the *M* systems for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = 3, \ldots , 8$$\end{document}$ along the way. When repeatedly solving the full *M* system via RK4 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = 3, \ldots , 8$$\end{document}$, the average runtime is 2.05 s ± 145 ms per loop --- meaning bluff-and-fix with correction sizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c = 1$$\end{document}$ (averaged at 853 ms), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c = 2$$\end{document}$ (averaged at 1.21 s), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c = 3$$\end{document}$ (averaged at 1.28 s) is *far* more efficient for this type of goal.

Conclusion {#Sec9}
==========

Polynomial chaos (PC) methods are effective for incorporating and quantifying uncertainties in problems governed by partial differential equations. In this paper, we present a promising algorithm (one step bluff-and-fix) for utilizing the solution to a polynomial chaos $\documentclass[12pt]{minimal}
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Future work will be focused on generalizing and testing the algorithm on other nonlinear PDEs with uncertain initial conditions. We also plan to investigate different choices of the uncertainty representation $\documentclass[12pt]{minimal}
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A Appendix {#Sec10}
==========

*Proof of Lemma 1.* The computation for ([6](#Equ6){ref-type=""}) is straight-forward. To prove ([7](#Equ7){ref-type=""}) write $\documentclass[12pt]{minimal}
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These assumptions ensure that the needed conditions for applying the Cameron-Martin theorem \[[@CR1]\] are met.
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